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ABSTRACT
Hypertension is a medical condition in which persistent high blood pressure causes
the heart to exert more energy to circulate blood through the blood vessels and can lead
to life threatening conditions including stroke, heart attack and atherosclerosis. Previous
attempts to model arterial growth due to hypertension have made use of kinematic growth
and mixture theory models to introduce a continuum mechanics approach to the problem.
In this dissertation, we are concerned with modeling arterial growth due to hypertension
using a non traditional continuum mechanics approach motivated by the belief that the
arterial growth taking place during hypertension is best studied in an Eulerian frame due
to its ever-changing nature where one has no a priori knowledge of a “reference” state.
This study has a two-fold purpose: First, illustrate how one can formulate nonlin-
ear elasticity in the “current configuration” and, second, apply that framework to both an
isotropic constitutive relation and an anisotropic Holzapfel-Ogden constitutive relation in
order to model the biologically dynamic process of stress-mediated growth that occurs
during hypertension. We conclude that using an Eulerian framework allows us to solve
the nonlinear elasticity problem associated with growth without needing to keep track
of evolving reference configurations, with the trade-off being that the formulas are more
complex. Using this framework, we test the performance of two popular competing as-
sumptions for the increase in the rate of mass production as a function of stress; namely, a
continuous growth criterion and a bang-bang method.
The present model for growth during hypertension assumes that growth results from
a perturbation of the arterial wall stress away from homeostasis. In particular, this means
that growth only occurs at points through the thickness of the wall where the stress exceeds
homeostasis. It has been conjectured that such growth occurs to drive the stress back to
ii
this homeostatic stress state. The results of this dissertation give insight that suggests it
is possible for the growth process to return the wall stress back to homeostasis using both
the continuous criterion and the bang-bang method for growth, although the bang-bang
method does so in less time.
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1. INTRODUCTION
1.1 Background
Hypertension is characterized by chronic high arterial blood pressure with a reading of
140/90mmHg or higher being considered hypertensive. The reason for choosing to study
hypertension is that, in addition to being one of the more fundamental, chronic and preva-
lent arterial diseases to study, it has a strong correlation with other life threatening cardio-
vascular diseases like atherosclerosis and can lead to a stroke or a heart attack. Therefore,
gaining some valuable knowledge of hypertension could have a mitigating effect on those
other conditions, which combined are the number one killer in the western world.
Using a continuum mechanics approach to model biological diseases has a long his-
tory in the mechanobiology literature. Mechanobiology refers to a biological response
to mechanical stimuli. The idea that mechanical forces can invoke biological responses
is one that has been proven by a number of experts in the field starting with the work
done by Rosen et al in 1974. They showed that endothelial cells experience a 3.7 fold
increase in the rate at which they produce histidine decarboxylase, which is an essential
enzyme to the synthesis of histamine, when subjected to altered mean shear stress [64].
Histamine is an effector of vascular permeability and is a vasodilator. Further examples
of mechanobiology includes the work done by Leung et al wherein they cultured vascular
smooth muscle cells on sheets of elastin and subjected them to cyclic uniaxial stretching
which increased the production of extracellular matrix proteins 3 to 5 fold [46]. Also, of
particular relevance to the current work, Matsumoto and Hayashi reported that sustained
high blood pressure during hypertension causes the wall of the artery to thicken or grow
[52]. Because of the major role that mechanobiology plays in arterial diseases like hy-
pertension, developing models to understand the mechanical behavior of arteries is a step
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towards a better understanding of disease progression and treatment [51].
1.1.1 Continuum Mechanics Models for Growth
Richard Skalak was one of the first to introduce a continuum mechanics approach to
the study of growth in the 1980s. He developed the concept of “kinematic growth” which
assumes that growth can be modeled through kinematic deformation [65, 66]. This idea
was later extended by Rodriguez et al to include incompatible growth [62]. One of the
key ideas of “kinematic growth” is that there exists a deformation gradient, F1 = FeFg,
which is the product of a growth deformation gradient, Fg, and an elastic deformation
gradient, Fe, where the elastic part is there to “smooth” out any incompatibilities in the
growth process. Finally, the total deformation gradient is then thought of as F = F2F1
where F2 is just the classic deformation gradient that takes the body from an unloaded to a
loaded configuration. Many others have utilized this “multiplicative” growth formulation
to model certain aspects of growth including arterial adaptation to changes in flow rate and
pressure [68, 69, 58, 20, 71, 50, 25, 29, 43, 3].
Among the studies listed above is the work by Larry Taber. He was one of the first to
address using a continuum mechanics approach for the study of mechanobiology, that is,
biological growth (change in mass) and remodeling (change in structure) resulting from a
mechanical stimulus [37, 68]. In particular, he extended the idea of Skalak’s volumetric
growth to model certain aspects of the mechanobiology of growth and remodeling. After
his 1995 review, he wrote papers with Eggers and Humphrey on stress-modulated growth
in the aorta where they used growth laws that were dependent on material properties and
growth parameters [70, 71]. Before this, others had only used continuum mechanics mod-
els for growth without a real consideration of the underlying biological processes.
One concern of those who question the purely kinematic treatment of growth is that due
to its dynamic nature, with gains and losses of material over time, the question of whether
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a fixed reference configuration still exists becomes unclear [40, 4]. Another concern, par-
ticularly with those interested in the mechanobiology of growth processes, is that the pure
kinematic consideration of growth excludes an explicit treatment of mass production and
mass balance which is what defines biological growth.
In consideration of modeling mechanobiological processes such as growth and remod-
eling, Humphrey and Rajagopal employed a modified mixture theory along with evolving
“natural” configurations which were intended to compensate for the uncertainty of a fixed
reference configuration for growth [40]. Their paper was motivated, in part, by Fung’s
work in which he calls for mass-stress relations [22]. They also used mixture theory to
model the ability of arteries to adapt to alterations in blood flow rate [41]. In both papers,
they modeled the arterial wall as a mixture of structurally significant constituents including
elastin, collagen and smooth muscle cells, where each constituent has mass production and
removal rates that are dependent on the arterial wall stresses and strains. Their notion of
evolving naturals configurations assumes that each constituent is created in its own stress-
free natural configuration from which it gets deposited into the body and is endowed with
a preferred deposition stretch. The natural configurations are then allowed to change as the
body grows and evolves. Still, the issue of determining reference or natural configurations
for growth remains complex. In a review article by Ambrosi et al, it was acknowledged
that one major challenge in modeling growth is “identifying reference configurations for
growing tissues,” they go on further to suggest that one solution to this problem would
be to eliminate the use of reference configurations and formulate elasticity in the current
configuration, in which case, one would only need to know how residual stressed evolved
[2]. Herein lies the motivation behind the current work that illustrates how to formulate
nonlinear elasticity in the current configuration and employs it to model how the mechan-
ical stimuli of chronic high blood pressure drives arterial growth and how growth occurs
to drive circumferential arterial wall stress back to homeostasis.
3
1.2 Thesis Outline
Throughout this thesis we keep as a guide Humphrey’s five basic steps for constitutive
formulations:delineate general characteristic behaviors; establish an appropriate theoreti-
cal framework; identify specific functional forms of the requisite relations; calculate values
of the associated material parameters, and evaluate the predictive capability of the final re-
lations [37]. To that end, in chapter 2 we start with the first of the five steps by examining
the fundamental characteristics of arteries, including their structure and their constitutive
make-up. These characteristics also refer to the mechanical properties of arteries, which
describe their material response to applied loads. We also discuss their characteristic be-
haviors as living tissue, in specific, their ability to grow and adapt to changes in their
mechanical environment. This adaptive behavior becomes more evident with a more in
depth look at mechanobiology in the context of arterial growth and remodeling. An ex-
ample of arterial growth and remodeling, which is also the focus of this dissertation, is
hypertension. Therefore, we take a separate look into some mechanobiological processes
present in hypertensive arteries, with a specific focus on appropriate assumptions based on
important biological contributors to arterial growth due to hypertension. Although it is un-
doubtedly not possible to account for every factor in the mechanobiology of hypertension,
it is an important task to determine which are fundamentally intrinsic to growth processes
occurring as a result of hypertension. Lastly, since we are considering stress modulated
arterial growth, we discuss a mass-stress relation which is based on the existence of a
homeostatic stress state for the arterial wall.
In chapter 3, we move on to step two of the five by proposing that an appropriate the-
oretical framework is one that is formulated entirely in the current configuration with a
look at what goes in to the formulation of elasticity in an eulerian frame. We have an
overall theme of showing how one can move from conventional ideas involving the use
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of a reference configuration to ones that only need a working knowledge of the current
configuration. This starts with a preliminary discussion of kinematics. Kinematics deals
with motions and deformations and it is within the context of kinematics that we define
the concept of a reference and a current configuration. This is followed by a treatment
of elasticity, which includes a detailed illustration of how the Cauchy stress tensor, T, de-
pends on the gradient of a scalar strain energy function taken with respect to eulerian strain
tensors e and d for the isotropic and anisotropic case respectively. For the isotropic case,
we consider an incompatible neo-hookean constitutive relation to model the strain energy
function, while for the anisotropic case we use a Holzapfel-Ogden constitutive relation
[34]. For both cases, we use a modified version of the constitutive relation, that is, one for-
mulated in the current configuration. We then use a Fung-type multiplicative incorporation
of residual stress posed by Gorb and Walton [28]. For both the isotropic and anisotropic
cases we assume a simplified tubular geometry for the artery and, imposing axisymmetry
and making use of a semi-inverse approach, calculate the desired wall stresses.
At this point in the thesis we will have considered steps one and two of Humphrey’s five
steps for constitutive formulations, namely, delineating general characteristic behaviors
and establishing an appropriate theoretical framework. Although not explicitly mentioned,
we also identified functional forms, which is step three, for the strain energy function by
adopting the isotropic and anisotropic constitutive relations. Furthermore, although ac-
tually calculating material parameters often involves some manner of curve-fitting which
is outside the scope of this dissertation, we have incorporated the fourth step by utiliz-
ing previously calculated material parameters in our model. In chapter 4 we continue to
employ steps three and four as we describe our model for stress mediated growth, and in
particular, our mass-stress growth law. We first look at some previous treatment of stress
modulated growth due to an increase in arterial pressure with specific attention to growth
laws and mass-stress relations. Next, we look at our model where we incorporate assump-
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tions discussed in chapter 2 about the mechanobiology of hypertension to define how the
mass production rate depends on wall stress. In addition, assumptions we made about
the key contributors to arterial growth during hypertension go into the growth model as
well in the form of material parameters, in the case of smooth muscle turnover rates. We
also look at two different models for how growth is initiated and at what rate material is
added to the arterial wall. The first method, herein referred to as the continuous method,
assumes that the rate at which mass is being added is a continuous function of a radially
dependent stress measure. So that for some initial starting time, when growth processes
are activated, material is added at a maximum rate and then mass production decreases
from that maximum rate, eventually reaching a leveling off point. In contrast, the second
method, herein referred to as the bang-bang method as it is most commonly known in
control theory, assumes that mass is added at a constant and maximum rate.
Finally, in chapter 5 we discuss what Humphrey appropriately considers to be one
of the most important steps in the five-step process, and that is step five: Evaluate the
predictive capability of the final relations. In the results section we test both the isotropic
and the anisotropic models using the competing continuous and bang-bang methods. In
the isotropic case we compare the performance of the continuous and bang-bang methods,
in particular, we test the ability of each to predict the thickening of the arterial wall and
to return the circumferential wall stress back to homeostatic levels. Making the same
comparison for the anisotropic case revealed that both the continuous and the bang-bang
methods performed better than they had in the isotropic case, meaning it took considerably
less time for the circumferential arterial wall stress to return to homeostasis. This is to be
expected since arteries are inherently anisotropic and so an anisotropic model is more
appropriate. In the last chapter we give some discussion including possible improvements
to the current model and future work.
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2. MECHANOBIOLOGY AND HYPERTENSION
2.1 Structure of the Arterial Wall
Arteries have a tubular-like geometry, often modeled as an idealized tube, in which
the lumen is the opening in the center where the blood flows through the artery. In gen-
eral, there are two main types of arteries: elastic and muscular. Elastic arteries, like the
aorta and main pulmonary artery, are usually larger in diameter and are closer to the heart;
whereas muscular arteries, like the coronaries and the cerebrals, are smaller in diameter
and are located closer to the arterioles. Regardless of type, location or function, all arteries
consist of three layers: the intima, the media, and the adventitia. Depending on arterial
function, the thickness of each layer may differ from artery to artery. The intima is the
innermost layer and consists of a single layer of endothelial cells and a thin basal lamina
that separates it from the blood flowing through the lumen. Some elastic arteries have a
subendothelial layer that contains connective tissue and smooth muscle cells. The media
is the middle layer and contains primarily smooth muscle cells embedded in an extracel-
lular network of collagen, elastin, and proteoglycans. Smooth muscle cells are oriented
circumferentially in most arteries [61] and make up 25% to 60% of the arterial wall [53].
The third layer is called the adventitia and is the outermost layer. The adventitia is mostly
comprised of type I collagen, fibroblasts, and the vaso vasorum. The adventitia is thought
to mitigate acute over-extension of vessels [35]. It is assumed that the medial and adventi-
tial layers are structurally most important. Furthermore, the adventitia makes up less than
10% of the arterial wall in elastic arteries [35]. In our study, therefore, we exclude the
intimal and adventitial layers for a simplified one layer model of the artery.
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2.2 Mechanical Properties of Arteries
When developing a stress-driven growth model it is important to start with a proper
model of arterial wall stress that incorporates salient mechanical properties of the arterial
wall. Soft tissues such as arteries undergo large finite deformations and are hyperelastic
[35], anisotropic and heterogeneous [34, 26, 18, 12, 35] with anisotropy mostly due to dif-
ferent orientation of collagen fiber families, are nearly incompressible, and are residually
stressed [8, 10, 11, 12, 24, 48, 49]. The fact that arteries undergo large deformations cannot
be overlooked. Models more suited for materials that experience small strains would be an
over simplification that could not hope to capture actual mechanical behavior of arteries
which is essential for modeling mechanobiological processes.
Arteries are layered and therefore are heterogeneous. As was discussed in some detail
in the previous section, the arterial wall is viewed as consisting of three layers. The three
layers are known as the intima which is the innermost layer, the media which is the layer
in the middle and the adventitia which is the outermost layer. Within the layers there are
three structurally significant constituents known as elastin, collagen (mainly types I, III,
and V), and smooth muscle cells. Work done by Clark and Glagov suggested that the
constituents were distributed uniformly within each layer. For instance, the distribution of
smooth muscle cells in the media only differed in regions on the border of the intimal or the
adventitial layers [13]. With this we assume that even though the arterial wall as a whole is
heterogeneous, within each layer there is homogeneity. Furthermore, as mentioned above,
we go on to assume that when modeling growth processes we can ignore the intimal layer.
We also exclude the adventitial layer from our model. Such an assumption is mostly
reasonable for elastic arteries where the adventitia makes up less than 10% of the arterial
wall. Furthermore, it is thought that the media is the main effector of mechanobiological
processes [37]. This is not to say that the intimal and the adventitial layers do not play
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an important part in growth and remodeling of the arterial wall during hypertension. For
instance, smooth muscle cells in the media receive vital nutrients via diffusion through the
intima, and, in thicker arteries, through the vaso vasorum located in the adventitia. Also,
both the intimal and the adventitial layers provide the arterial wall with some structural
support.
Finally, another property of arteries that is important and needs to be treated carefully
is the observation that they are residually stressed. Residual stress is defined as the stress
that is present in the body in the absence of applied loads and is usually a result of inter-
nal biological processes. This characteristic of arteries was observed by Y.C. Fung and
colleagues. He radially cut an excised cross-sectional slice of an artery and observed that
the artery sprang open suggesting that it was under some internal stress. Residual stress
is important mechanically because if residual stress is present that contributes to the dif-
ficulty of finding a “stress-free” reference configuration. That is, with the existence of
residual stress, the material body is never completely stress-free. The concept of residual
stress in the context of mechanobiology is an important one as well. Without the inclu-
sion of residual stress, the intimal circumferential wall stress becomes very high while a
residual stress of roughly 3kPa is enough to reduce the stress by hundreds of kPa [21].
Also, Clark and Glagov showed how only when they incorporated residual stress in their
model did the circumferential component of the arterial wall stress have a nearly uniform
distribution which is what is observed in nature [13]. Furthermore, it is presumed that
growth and remodeling processes that take place during development do so to achieve this
nearly uniform stress distribution in maturity, and that this is a homeostatic stress state for
the arterial wall [37]. Observations support the existence of mechanical homeostasis in
biology and pathobiology [36]. Determining residual stresses in the body, however, still
continues to be a challenging problem with recent efforts including work done by Joshi
and Walton, and Gou and Walton where they used ultrasound techniques and inverse spec-
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tral techniques to reconstruct residual stresses for soft tissues[42, 30]. For the purpose of
this study, we simply adopt a model for the residual stresses that arise as a consequence of
growth and remodeling processes such as ones found in the work done by Humphrey and
others [7, 33, 35].
2.3 Mechanobiology
Y. C. Fung commented that while developing theories for the biomechanics of soft
tissues, we must remember that they are living, able to grow, replicate, and adapt [23].
Motivated by this reminder, Humphrey suggested that employing a biomechanics ap-
proach to modeling arteries should not simply consist of applying classical theories in
mechanics to arteries but rather should be an extension of the theories with the purpose
of capturing constitutive characteristics of living tissue, specifically their ability to adapt
due to mechanical changes in their environment [37]. As mechanobiology is the study
of how biological tissues respond to mechanical stimulation, not merely through defor-
mation but through growth and adaptation, biomechanics should be an extension of me-
chanics aimed at answering questions of interest in mechanobiology. We discussed some
evidence of the mechano-sensitivity of cells, however, there are still many more examples
[14, 9, 31, 45, 47]. Romer et al show that focal adhesions can be targets for mechanical
stimuli that evoke biological processes such as cell growth [63]. Williams focuses on the
direct effects that arterial wall stress has on vascular smooth muscle cells. He asserts that
wall stress strongly influences the orientation, growth and phenotype of cultured vascular
smooth muscle cells [74]. Fridez et al claimed that smooth muscle tone was also affected
by mechanical stimuli. That is, smooth muscle contractility is also sensitive to changes in
arterial pressure [20].
An area of mechanobiology of particular importance in the study of cardiovascular
disease is known as growth and remodeling which refer to a change in mass and structure
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respectively. In particular, grow and remodeling are processes that are ever present in the
body through regular tissue maintenance, that is, the continual production and removal of
cells and extracellular matrix [40]. In this context, growth only occurs if there is a net
increase in mass, so that material is being added at a faster rate than it is being removed.
Other examples of growth and remodeling include early development, aging, wound heal-
ing, development of aneurysms, and atherosclerosis. There has been a myriad of work
done on such growth and remodeling processes, including the development of appropriate
growth and remodeling frameworks [44, 27, 23, 68, 40, 1, 3, 17, 37, 73, 6, 2, 5, 19, 39].
Another example of a disease in which growth and remodeling plays a major role, which is
the main focus of this work, is hypertension. A brief discussion on the mechanobiological
processes that take place during hypertension is given below.
2.4 Mechanobiology of Hypertension
The mechanobiology of hypertension was briefly mentioned in the previous chapter but
more specifically, sustained high blood pressure, which is characteristic of hypertension
causes a thickening of the medial layer of the arterial wall [35]. It is clear that changes
due to hypertension involve extracellular matrix and smooth muscle cells. Willams too
suggests that vascular smooth muscle cells in the media experiences most of chronic wall
stress, and also that wall stress increases the ability of vascular smooth muscle cells to re-
lease certain growth factors which then influence vascular smooth muscle and endothelial
cell growth and function [74]. Smooth muscle cells can either increase in cell size (hyper-
trophy) or in cell number (hyerplasia) during hypertension, although there are conflicting
views and experimental data on whether smooth muscle hypertrophy or hyperplasia takes
precedence during hypertensive growth [54, 57, 56].
It is not entirely clear whether growth and remodeling, and in particular growth due
to hypertension, is excited by altered stress or altered strain but it has been conjectured to
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occur in order to drive the circumferential wall stress back to a preferred or homeostatic
value [75]. This seems like a reasonable assumption when one considers that the idea of
a target stress value gets repeated throughout the study of growth and remodeling [37].
Keeping with this assumption, we model arterial growth during hypertension as a function
of how much circumferential wall stress deviates from this homeostatic target. We do,
however, deviate from the popular use of a constant target value, such as the mean wall
stress, in favor of a spatially non-homogeneous target. Again, it is unclear whether it
is sufficient for the average circumferential wall stress to return to homeostasis or if the
body seeks to relieve the stress felt at each point throughout the thickness of the wall.
We assume the latter is the case and model stress-mediated growth as a function of the
difference between the homeostatic circumferential stress distribution and the hypertensive
stress distribution as a function of radial position in the arterial wall. This matter will be
address in more detail in chapter 4.
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3. ELASTICITY IN THE CURRENT CONFIGURATION
In the classic theory of elasticity, people make use of a fixed reference configuration
for the ease of calculating stresses and strains. If this reference configuration is stress-free,
we call it a natural configuration. If the reference configuration is “pre-stressed” then there
are some boundary tractions present, such is the case for the configuration of a pressurized
artery in vivo. Finally, if the reference configuration is residually stressed then there are
internal forces present in the absence of boundary tractions which, in the case of soft
tissues, may arise from biological growth and adaptation. In Fung’s reference of residual
stress he considers an intermediate configuration that is residually stressed but traction free
and comes from a fictitious natural configuration that is the “cut-ring” configuration. In
this work we use the current configuration as our reference because growth occurs in the
current configuration and thus there is a compelling argument for formulating elasticity in
the current configuration.
For illustrative purposes, in this section we present a formulation of elasticity in the
current configuration by first starting from classic theories of continuum mechanics that
make use of a fixed reference configuration. We begin with kinematics and notational
conventions.
3.1 Kinematics
Kinematics refers to how a material body moves and deforms. Consider the deforma-
tion χ : B0 −→ Bt that describes how points from the reference configuration, B0, move
to points in the current configuration, Bt, so that x = χ(X, t). Here, x and X represent
points in the current and reference configuration respectively. The deformation gradient
is defined as F := ∂x/∂X and the displacement is given by u = x − X . Note that
both the deformation gradient and the displacement depend on the knowledge of points,
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X , in the reference configuration. The mapping χ is continuous and invertible so that
X = χ−1(x, t). Using this observation, one can define the displacement with respect to
the current configuration as,
u˜ := x− χ−1(x, t). (3.1)
It is important to note that one need only think of χ−1 as a function of points in the current
configuration, it is not necessary to know χ explicitly just that it exists as a continuous
invertible map from the reference to the current configuration. Therefore, in the semi-
inverse approach, discussed later, we can propose a functional form for u˜ directly without
any knowledge of u and thus without any knowledge of a reference configuration.
The deformation gradient F is viewed as a material field and so is defined on the
reference configuration. The spatial description of the deformation gradient is given as
F = (I− grad u˜)−1. (3.2)
We can then define a spatial strain tensor d given by
d :=
1
2
(I−C−1). (3.3)
In (3.3), C is the Right Cauchy-Green tensor defined as C := FTF, and so C−1 :=
F−1F−T. The strain tensor d is the anisotropic analog to the Almansi-Hamel strain tensor
given by
e :=
1
2
(I−B−1), (3.4)
where B is the Left Cauchy-Green tensor defined as B := FFT, and so B−1 := F−TF−1.
3.2 Elasticity
Elasticity refers to the behavior of a material that has been subjected to applied loads.
Arteries are hyperelastic, which means they are non dissipative. Mathematically it means
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that the associated 1st Piola-Kirchhoff stress tensor, Sˆ can be written as the gradient of a
scalar function, Wˆ . In particular,
Sˆ = ∂F Wˆ . (3.5)
To formulate elasticity in the current configuration we need to first determine how
∂FW (e) and ∂FW (d) relate to ∂eW (e) and ∂dW (d) respectively, where e and d are the
spatial strain tensors discussed in section 3.1. We will first see how this is done for e.
Note that ∂FW (e) is defined implicitly to be the unique second order tensor satisfying
∂FW (e) ·H = DFW (e)[H], ∀H ∈ T2, (3.6)
where T2 is the space of second order tensors. If we apply the tensoral equivalent of the
chain rule we have
∂FW (e) ·H = DFW (e)[H] = ∂eW (e) · DFe[H]. (3.7)
At this point it may be useful to recall some derivatives from tensor calculus. Let φ :
T2 −→ T2 be a tensoral valued function. If φ(A) = A−1, then
DAψ(A)[H] = −A−1HA−1 (3.8)
Moreover, if φ(A) = AAT, then
DAψ(A)[H] = HA
T +AHT, (3.9)
and if φ(A) = ATA, then
DAψ(A)[H] = A
TH+HTA. (3.10)
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Making use of both (3.8) and (3.9) we have that
DFe[H] = −1
2
DFB
−1[H] =
1
2
B−1[HFT + FHT]B−1. (3.11)
Substituting (3.11) into (3.7) implies
∂FW (e) ·H = 1
2
∂eW (e) ·B−1[HFT + FHT]B−1 (3.12)
=
1
2
B−1∂eW (e)B−1 · [HFT + FHT]
= B−1∂eW (e)B−1F ·H.
Note that the last step in (3.12) is possible since the tensor B−1∂eW (e)B−1 is symmetric.
Therefore, (3.12) implies that
∂FW (e) = B
−1∂eW (e)B−1F, (3.13)
and, in particular, (3.5) and (3.13) imply that
Sˆ(F) = B−1∂eW (e)B−1F. (3.14)
From (3.14) and the 1st-Piola-Kirchhoff transform it follows that
B−1∂eW (e)B−1 = Sˆ(F)F−1 (3.15)
= TˆF−TF−1
= TˆB−1.
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Finally, (3.15) implies that
Tˆ = B−1∂eW (e) = (I− 2e)∂eW (e). (3.16)
We now look at the formulation for the spatial tensor d. As before, note that ∂FW (d)
is defined implicitly to be the unique second order tensor satisfying
∂FW (d) ·H = DFW (d)[H], ∀H ∈ T2, (3.17)
If we apply the tensoral equivalent of the chain rule we have
∂FW (d) ·H = DFW (d)[H] = ∂dW (d) · DFd[H]. (3.18)
Making use once more of (3.8) together with (3.10) we have that
DFd[H] = −1
2
DFC
−1[H] =
1
2
C−1[FTH+HTF]C−1. (3.19)
Substituting (3.19) into (3.18) implies
∂FW (d) ·H = 1
2
∂dW (d) ·C−1[FTH+HTF]C−1. (3.20)
=
1
2
C−1∂dW (d)C−1 · [FTH+HTF]
= FC−1∂dW (d)C−1 ·H.
Therefore, (3.20) and (3.17) imply that
∂FW (d) = FC
−1∂dW (d)C−1, (3.21)
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and, in particular, (3.5) and (3.21) imply that
Sˆ(F) = FC−1∂dW (d)C−1. (3.22)
From (3.22) and the 1st-Piola-Kirchhoff transform it follows that
C−1∂dW (d)C−1 = F−1Sˆ (3.23)
= F−1TˆF−T
Finally, (3.23) implies that
Tˆ = FC−1∂dW (d)C−1FT (3.24)
= F−T∂dW (d)F−1
= (I− grad u˜)T∂dW (d)(I− grad u˜).
As mentioned in section 2.2, residual stress is an important concept in mechanobiolgy.
A method for incorporating residual stress posed by Walton and Gorb [28] defines
WR(C; τ) = WN(F
T
RCFR), (3.25)
where τ represents the residual stress and FR is a “virtual” deformation gradient from a
natural “stress-free” configuration to an unloaded residually stressed configuration, so that
FR = T
−1
N (τ), (3.26)
where TN(·) is the natural Cauchy response function. Note too that in the absence of
residual stress, WR(C; 0) = WN(C). Using the fact that C = I − 2d−1, (3.25) then
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becomes
WR((I− 2d−1); τ) = WN(FTR(I− 2d−1)FR), (3.27)
and (3.24) becomes
T(d) = (I− grad u˜)T∂dW (FTRdFR)(I− grad u˜). (3.28)
Note that usingC in the above formulation is convenient since (FFR)
T(FFR) = F
T
RCFR,
while using B gives (FFR)(FFR)
T = FBRF
T. However, when we impose axisymmetry
in the later sections we will see that we have diagonal deformation gradients and so C and
B will be interchangeable.
Although we would like to be able to determine residual stresses in vivo, doing so has
proven to be a very arduous task. Adding to the difficulty is the fact that it is very hard
to conduct nondestructive experiments to determine residual stresses. As a consequence
of this, we provide in this work an illustration of hypertensive growth using a Fung-like
residual stress model for FR. This paradigm assumes that the stress relieving radial cut
relaxes the artery to a stress-free natural configuration. In actuality this process is just
an approximation, one would need to make infinitely many cuts to relieve all the residual
stress. So FR is the deformation gradient associated with a deformation from the “cut-
ring” configuration to the unloaded “intact” residually stressed intermediate configuration.
3.3 Using an Isotropic Constitutive Relation
In this section we apply the stress-strain relation determined in section 3.2 to an Incom-
pressible Neo-Hookean constitutive form for the strain energy function W . In particular,
W =
µ
2
trB. (3.29)
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Recall that the Almansi-Hamel strain tensor is given by equation 3.4, namely, e = 1
2
(I −
B−1). Solving for B in terms of e gives
B = (I− 2e)−1 (3.30)
If we substitute (3.30) into (3.29), then we get
W (e) =
µ
2
tr(I− 2e)−1, (3.31)
where we take µ = 27kPa [28].
We now need to find the gradient of the scalar strain energy function W with respect
to the spatial strain tensor e. Recall that the gradient, ∂eW (e), is defined implicitly as the
unique second order tensor satisfying
∂eW (e) ·H = DeW (e)[H], ∀H ∈ T2. (3.32)
Again, before we find the gradient it is useful to recall derivatives from tensor calculus.
Let φ : T2 −→ R be a scalar valued function. If φ(A) = trA, then
DAφ(A)[H] = trH. (3.33)
Also, recall from section 3.2 that if ψ(A) = A−1, then DAψ(A)[H] = −A−1HA−1.
Making use of (3.33) and (3.8) along with the tensoral version of the chain rule we
obtain that
DeW (e)[H] =
µ
2
tr(−(I− 2e)−1(−2H)(I− 2e)−1). (3.34)
With some work and making use of the fact that, for A and B in T2, A · B = tr(ATB),
(3.34) becomes
DeW (e)[H] = µ(I− 2e)−2 ·H = ∂eW (e) ·H. (3.35)
20
Therefore, (3.35) implies we must have that
∂eW (e) = µ(I− 2e)−2. (3.36)
Recall from section 3.2 that the Cauchy stress, T, is related to the strain, W (e), by
T(e) = (I− 2e)∂eW (e). Using (3.16), and (3.36) we get that
T(e) = µ(I− 2e)−1 − pI, (3.37)
where p is the Lagrange Multiplier enforcing incompressibility.
3.3.1 Semi-Inverse Approach
We will model the artery as a cylindrical tube with an inner radius ri, and an outer
radius ro where points along the wall satisfy ri < r < ro. We will use a Semi-Inverse
approach to find the components of the Cauchy stress tensor, T, by assuming a general
axisymmetric form for the displacement, u˜, in the current configuration and then finding
the stress by satisfying equilibrium and certain boundary conditions. In our case we use
the standard axisymmetric form for displacement given by
u˜((r, θ, z)) = η(r)j1(θ) + λzj3, (3.38)
Here, {j1(θ), j2(θ) , j3} is the usual cylindrical basis with j1(θ) = cos(θ)e˜1 + sin(θ)e˜2,
j2(θ) = − sin(θ)e˜1 + cos(θ)e˜2 and j3 = e˜3 where {e˜1, e˜2, e˜3} is the standard basis in
Cartesian coordinates.
Let h = grad u˜. Recall from (3.2) that F = (I − h)−1. So that B−1 = F−TF−1
implies that
B−1 = (I− h)T(I− h) = I− (hT + h) + hTh. (3.39)
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With some minipulation we see that
I−B−1 = hT + h− hTh. (3.40)
Therefore, (3.4) and (3.40) imply that
e =
1
2
(h+ hT − hTh). (3.41)
The gradient, in cylindrical coordinates, of a vector valued function, v = vrj1(θ) +
vθj2(θ) + vzj3, is given by
∇r,θ,zv = ∂vr
∂r
j1(θ)⊗ j1(θ) + 1
r
(
∂vr
∂θ
− vθ)j1(θ)⊗ j2(θ) + ∂vr
∂z
j1(θ)⊗ j3 (3.42)
+
∂vθ
∂r
j2(θ)⊗ j1(θ) + 1
r
(
∂vθ
∂θ
+ vr)j2(θ)⊗ j2(θ) + ∂vθ
∂z
j2(θ)⊗ j3
+
∂vz
∂r
j3 ⊗ j1(θ) + 1
r
∂vz
∂θ
j3 ⊗ j2(θ) + ∂vz
∂z
j3 ⊗ j3
Applying (3.42), we have that h and hT are given respectively by
h = η′j1(θ)⊗ j1(θ) + η
r
j2(θ)⊗ j2(θ) (3.43)
+ λj3 ⊗ j3
and
hT = η′j1(θ)⊗ j1(θ) + η
r
j2(θ)⊗ j2(θ) (3.44)
+ λj3 ⊗ j3.
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We also see that multiplying the two gives
hTh = η′2j1(θ)⊗ j1(θ) + η
2
r2
j2(θ)⊗ j2(θ) (3.45)
+ λ2j3 ⊗ j3,
where ()′ = ∂()
∂r
. Substituting (3.43), (3.44) and (3.45) into (3.41), we have
2e = (2η′ − η′2)j1(θ)⊗ j1(θ) (3.46)
+ (
2η
r
− η
2
r2
)j2(θ)⊗ j2(θ)
+ (2λ− λ2)j3 ⊗ j3,
which implies that
(I− 2e) = (η′ − 1)2j1(θ)⊗ j1(θ) + (η
r
− 1)2j2(θ)⊗ j2(θ) (3.47)
+ (λ− 1)2j3 ⊗ j3,
or
(I− 2e)−1 = 1
(η′ − 1)2 j1(θ)⊗ j1(θ) +
1
(η
r
− 1)2 j2(θ)⊗ j2(θ) (3.48)
+
1
(λ− 1)2 j3 ⊗ j3.
Recall from (3.37) that the Cauchy stress tensor, with respect to the spatial strain tensor
e, is given as T(e) = µ(I− 2e)−1 − pI. Therefore, (3.48) implies that the radial, circum-
ferential and axial components of the Cauchy stress tensor are then given respectively by
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the following equations:
Trr(r) = µ(η
′ − 1)−2 − p(r), (3.49)
Tθθ(r) = µ(
η
r
− 1)−2 − p(r), (3.50)
and
Tzz(r) = µ(λ− 1)−2 − p(r). (3.51)
In section 3.2 we introduced a treatment of residual stress posed by Gorb and Walton
that we modified to fit our model. Recall that in our formulation we can interchangeC and
B. Therefore, we have that the stress-strain relation incorporating residual stress is given
by
Tˆ = FR
T(I− 2e)FR∂eW (e). (3.52)
Applying this notion of residual stress in the current configuration gives the radial, cir-
cumferential, and axial components, respectively, of the Cauchy stress tensor as:
Trr(r) = µ(fR)
2
rr(η
′ − 1)−2 − p(r), (3.53)
Tθθ(r) = µ(fR)
2
θθ(
η
r
− 1)−2 − p(r), (3.54)
and
Tzz(r) = µ(fR)
2
zz(λ− 1)−2 − p(r), (3.55)
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In (3.53), (3.54) and (3.55) (fR)rr, (fR)θθ, and (fR)zz are the radial, circumferential, and
axial components of FR respectively. As mentioned in section 3.2 we used a Fung split-
ring paradigm for the deformation gradient FR associated with a deformation from the
cut-ring configuration to the intact unloaded residually stressed configuration. The form
we take for FR comes from Humphrey’s book on cardiovascular solid mechanics [35]. In
particular, consider a material point located at (R,Θ,Z), in the center region of a radially
cut arterial segment, that gets mapped to (ρ,ϑ,ζ), in the center region of the intacted, un-
loaded and residually stressed configuration. The Cauchy stress tensor that arises from
solving the boundary value problem with zero traction at the inner and outer boundaries is
considered to be the residual stress distribution, and the gradient of the deformation that
goes from the cut-ring configuration to the intact unloaded configuration is FR. In the
book, the mapping used is given by
ρ = ρ(R), ϑ =
pi
Θo
Θ, ζ = ΛZ (3.56)
where Θo is the opening angle and Λ is the stretch ratio associated with residual stress.
Note that Θo = pi and Λ = 1 correspond to no residual stress. We use Θo = 100◦ [34] and
Λ = 1.017695 [35]. The components of FR are then
Fρρ =
∂ρ
∂R
, (3.57)
Fϑϑ =
ρpi
RΘo
(3.58)
and
Fζζ = Λ. (3.59)
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Incompressibility requires that detFR = 1, so that
∂ρ
∂R
=
ΘoR
piΛρ
, (3.60)
which leads to
R =
[
R2o −
(ρ2o − ρ2)piΛ
Θo
]1/2
, (3.61)
whereRo and rhoo are the outer radii for the cut-ring configuration and the intact unloaded
configuration respectively. The components then become
Fρρ =
ΘoR
piΛρ
, (3.62)
Fϑϑ =
ρpi
RΘo
(3.63)
and
Fζζ = Λ. (3.64)
The point located at (ρ,ϑ,ζ) is then mapped to (r,θ,z), in the loaded current configuration.
Pulling the components of FR into the current loaded configuration, we have
(fR)rr =
ΘoR(ρ(r))
piΛρ(r)
, (3.65)
(fR)θθ =
ρ(r)pi
R(ρ(r))Θo
(3.66)
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and
(fR)zz = Λ, (3.67)
where ρ(r) = r − η(r).
Note that in (3.53), (3.54), and (3.55) we can solve for p(r) using specified boundary
conditions and satisfying the equations of motion, DivT = 0, given in polar coordinates
by
∂Trr
∂r
+
1
r
∂Tθr
∂θ
+
∂Tzr
∂z
+
Trr −Tθθ
r
= 0 (3.68)
∂Trθ
∂r
+
1
r
∂Tθθ
∂θ
+
∂Tzθ
∂z
+
2Trθ
r
= 0 (3.69)
∂Trz
∂r
+
1
r
∂Tθz
∂θ
+
∂Tzz
∂z
+
Trz
r
= 0 (3.70)
Note that, in this case, T is a diagonal matrix, and that Tθθ and Tzz have no θ and z
dependency respectively. Therefore, equations (3.69) and (3.70) are automatically satisfied
and equation (3.68) becomes,
∂Trr
∂r
+
Trr −Tθθ
r
= 0. (3.71)
Manipulating (3.68) and then integrating from ri to some point r ∈ [ri, ro] together with
the boundary boundary condition Trr(ri) = −Pi gives,
Trr(r) =
∫ r
ri
Tθθ −Trr
r
∂r − Pi (3.72)
Recall that equation (3.53) gives the form for Trr(r) as Trr(r) = µ(fR)2rr(η
′ − 1)−2 −
p(r). Therefore, if we substitute that expression into (3.72) we will get the following
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equation:
∫ r
ri
Tθθ −Trr
r
∂r − Pi = µ(fR)2rr(η′ − 1)−2 − p(r) (3.73)
Solving for the Lagrange multiplier, p(r), gives
p(r) = µ(fR)
2
rr(η
′ − 1)−2 −
∫ r
ri
Tθθ −Trr
r
∂r + Pi. (3.74)
The only term still to solve for is the radial component of the displacement gradient, η(r),
which we will find using the incompressibility property of arteries.
Incompressibility means that volume is preserved. Mathematically, incompressibility
requires that det (I− 2e)−1 = 1 as the determinent is a measure of volume change, and if
the determinent is equal to one then there is no volume change. From (3.48) we have that
det (I− 2e)−1 = 1
(η′ − 1)2(η
r
− 1)2(λ− 1)2 , (3.75)
therefore, incompressibility implies that
1
(η′ − 1)2(η
r
− 1)2(λ− 1)2 = 1. (3.76)
Letting η˜(r) = η(r)− r, then (3.76) becomes
1
(η˜′)2( η˜
r
)2(λ− 1)2 = 1. (3.77)
Manipulating (3.77) gives,
−r
(λ− 1) = (η˜η˜
′). (3.78)
Note that−r can be rewritten as−r = −(r2/2)′ and that (η˜η˜′) can be rewritten as (η˜η˜′) =
(η˜2/2)′. Therefore, we can substitute those expressions into equation (3.78) and it follows
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that we get the equation below:
−( r2
2
)′
(λ− 1) =
( η˜2
2
)′
. (3.79)
Integrating this and taking square roots implies that
η˜ = −
√
c− r2
(λ− 1) , (3.80)
which from the definition of η˜, leads to
η(r) = r −
√
c− r2
(λ− 1) , (3.81)
where c is an integration constant. If we assume no radial displacement on the outer wall,
then we have η(ro) = 0 which gives c = r20λ. The displacement boundary condition that
η(r) is zero on the inner wall is not likely what would be observed physically. However,
we use this assumption for illustrative purposes and it is not unreasonable. The final form
of the radial displacement is then
η = r −
√
r2oλ− r2
(λ− 1) . (3.82)
3.4 Using an Anisotropic Constitutive Relation
In this section we use an anisotropic constitutive form for the strain energy functionW .
In fact, we take the scalar function W in (3.28) to be the Helmholtz free energy function Ψ
and use a constitutive relation posed by Holzapfel and Ogden [34]. Their relation assumes
that the arterial wall is orthotropic with two fiber familes. We note that this form has been
shown to be flawed if the properties of the fiber families differ [15]. However, for our case,
the properties of the fibers do not differ. In their paper, they split Ψ additively into two
parts consisting of an isotropic part and an anisotropic contribution. Therefore, they define
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Ψ as
Ψ(I1, I4, I6) = Ψiso(I1) + Ψaniso(I4, I6), (3.83)
where Ψiso(I1) is the isotropic contribution to the energy and Ψaniso(I4, I6) is the anisotropic
contribution due to the collagen fibers. Also, I1, I4 and I6 are material invariants given as
I1 = trC; I4 = C ·A1; I6 = C ·A2 (3.84)
where A1 = a1 ⊗ a1 and A2 = a2 ⊗ a2. Here we take a1 = FRa¯1 and a2 = FRa¯2. Here
a¯1, given by
a¯1 =
(
0
cos β
sin β
)
(3.85)
and a¯2, given by
a¯2 =
(
0
cos β
− sin β
)
(3.86)
are the reference unit vectors in the fiber directions which correspond to what the authors
call a1 and a2 respectively. In (3.85) and (3.86) β is the angle between the fibers which
they take to be 29◦.
Holzapfel and Ogden use a neo-hookean model for Ψiso
Ψiso(I1) =
c
2
(I1 − 3), (3.87)
and a Fung exponential model for Ψaniso
Ψaniso(I4, I6) =
k1
2k2
∑
i=4,6
{exp[k2(Ii − 1)2]− 1} (3.88)
Here k1 = 2.3632kPa and k2 = 0.8393. After transforming (3.87) and (3.88) into the
current configuration we have
Ψiso(d) =
c
2
(tr(I− 2d)−1 − 3) (3.89)
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and
Ψaniso(d) =
k1
2k2
∑
i=1,2
{exp[k2([(I− 2d)−1] ·Ai − 1)2]− 1}. (3.90)
We will find the gradients ∂dΨiso(d) and ∂dΨaniso(d) separately and then note that
∂dΨ(d) = ∂dΨiso(d) + ∂dΨaniso(d). To start, we consider ∂dΨiso(d). The gradient
∂dΨiso(d) is defined implicitly as the unique second order tensor satisfying,
∂dΨiso(d) ·H = DdΨiso(d)[H], ∀H ∈ T2 (3.91)
Using (3.33) and (3.8),which define the derivatives for the trace of a second order tensor
and the inverse of a second order tensor respectively, we have
DdΨiso(d)[H] =
c
2
tr(−(I− 2d)−1(−2H)(I− 2d)−1). (3.92)
Recalling that, for A and B in T2,A ·B = tr(ATB) we see that,
DdΨiso(d)[H] = c(I− 2d)−2 ·H (3.93)
= ∂dΨiso(d) ·H
Therefore, we must have that,
∂dΨiso(d) = c(I− 2d)−2 (3.94)
We will now find ∂dΨaniso(d). Rewriting (3.90) gives,
Ψaniso(d) =
k1
2k2
∑
i=1,2
{exp[k2(tr[(I− 2d)−1Ai]− 1)2]− 1}. (3.95)
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Then using (3.33) and (3.8) again we have that,
DdΨaniso(d)[H] =
k1
2k2
∑
i=1,2
{2k2(tr[(I− 2d)−1Ai]− 1) (3.96)
× exp[k2(tr[(I− 2d)−1Ai]− 1)2]
× tr(−(I− 2d)−1(−2H)(I− 2d)−1Ai)}
Simplifying (3.96) gives,
DdΨaniso(d)[H] =
[
2k1
∑
i=1,2
{(tr[(I− 2d)−1Ai]− 1) (3.97)
× exp[k2(tr[(I− 2d)−1Ai]− 1)2]
× [(I− 2d)−1Ai(I− 2d)−1]}
]
·H
= ∂dΨaniso(d) ·H
It follows that,
∂dΨaniso(d) = 2k1
∑
i=1,2
{(tr[(I− 2d)−1Ai]− 1) (3.98)
× exp[k2(tr[(I− 2d)−1Ai]− 1)2]
× [(I− 2d)−1Ai(I− 2d)−1]}
Note thatAi = F−1A˜i where A˜i = a˜i⊗a˜i and a˜i are vectors in the current fiber directions.
This means that the Ai’s are tensors with a spatial description. Therefore, using equation
(3.98) and recalling from equation (3.94) that ∂dΨiso(d) = c(I− 2d)−2, it follows that
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the partial derivative, ∂dΨ(d), is given by
∂dΨ(d) = c((I− 2d))−2 (3.99)
+
[
2k1
∑
i=1,2
{(tr[(I− 2d)−1FRAiFRT]− 1)
× exp[k2(tr[(I− 2d)−1FRAiFRT]− 1)2]
× [(I− 2d)−1Ai(I− 2d)−1]}
]
.
With the inclusion of residual stress, which was discussed in the previous section, we
obtain the fo;;owing form for the isotropic part of the Helmholtz free energy:
(Ψiso)N(F
T
RdFR) =
c
2
tr[FTR(I− 2d)−1FR] (3.100)
Recall that FR is the gradient of the deformation that takes points from the cut-ring con-
figuration to the intact residually stressed intermediate configuration, and whose radial,
circumferential, and axial components are given respectively in (3.65), (3.66) and (3.67).
Using similar calculations as above and noting that FR is constant with respect to d, we
see that the partial derivative is given by
∂d(Ψiso)N(F
T
RdFR) = c(I− 2d)−1FRFTR(I− 2d)−1 (3.101)
Also, for the anisotropic part of the strain energy we have,
(Ψaniso)N(F
T
RdFR) =
k1
2k2
∑
i=1,2
{exp[k2(tr[FRT(I− 2d)−1FRAi]− 1)2]− 1}. (3.102)
Again, using similar calculations as above and noting that the tensor FR is constant with
respect to d, we see that the partial derivative of the anisotropic part of the strain energy is
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given by
∂d(Ψaniso)N(F
T
RdFR) = 2k1
∑
i=1,2
{(tr[FRT(I− 2d)−1FRAi]− 1) (3.103)
× exp[k2(tr[FRT(I− 2d)−1FRAi]− 1)2]
× [(I− 2d)−1FRAiFRT(I− 2d)−1]}
The Cauchy stress tensor T becomes
T(d) = (I− grad u˜)T∂d
[
Ψiso(F
T
RdFR) + Ψaniso(F
T
RdFR)
]
(I− grad u˜). (3.104)
Substituting (3.101) and (3.103) into (3.104) gives,
T(d) = c(I− grad u˜)T(I− 2d)−1FRFTR(I− 2d)−1(I− grad u˜) (3.105)
+ (I− grad u˜)T
[
2k1
∑
i=1,2
{(tr[(I− 2d)−1FRAiFRT]− 1)
× exp[k2(tr[(I− 2d)−1FRAiFRT]− 1)2]
× [(I− 2d)−1FRAiFRT(I− 2d)−1]}
]
(I− grad u˜)− pI.
Again, p is the Lagrange Multiplier enforcing incompressibility. We note here that the
isotropic contribution to the Cauchy stress tensor T(d) is the same as in the isotropic
constitutive relation case. This is because, as previously mentioed, with the assumptions
we have made all matrices are diagonal so d and e have the same form.
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3.4.1 Semi-Inverse Approach
Our formulations and assumptions are similar in this section as in 3.3.1. In particular
we still model the artery as a cylindrical tube with an inner radius ri, and an outer radius
ro where points along the wall satisfy ri < r < ro. We assume the same general axisym-
metric form for the displacement, u˜, given in (3.38), and then find the Cauchy stress by
satisfying equilibrium and certain boundary conditions.
Recall that h = grad u˜, and, from (3.2), that F = (I− h)−1. So that C−1 = F−1F−T
implies that
C−1 = (I− h)(I− h)T (3.106)
= I− (h+ hT) + hhT.
With some minipulation we see that
I−C−1 = h+ hT − hhT. (3.107)
Therefore, (3.3) and (3.107) imply that
d =
1
2
(h+ hT − hhT), (3.108)
where
h = hT = η′j1(θ)⊗ j1(θ) + η
r
j2(θ)⊗ j2(θ) (3.109)
+ λj3 ⊗ j3,
Again, h is the same as in (3.43) as we are using the same form for the displacement. The
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stress, T, from (3.105) can be rewritten as
T(d) = c(I− h)T(I− 2d)−1FRFTR(I− 2d)−1(I− h) (3.110)
+ (I− h)T
[
2k1
∑
i=1,2
{(tr[(I− 2d)−1FRAiFRT]− 1)
× exp[k2(tr[(I− 2d)−1FRAiFRT]− 1)2]
× [(I− 2d)−1FRAiFRT(I− 2d)−1]}
]
(I− h)− pI.
Noting that tr[(I− 2d)−1FRA1FRT] = tr[(I− 2d)−1FRA2FRT], we can rewrite (3.110)
as
T(d) = (I− h)T(I− 2d)−1FR
[
cI (3.111)
+ 2k1(tr[(I− 2d)−1FRA1FRT]− 1)
× exp[k2(tr[(I− 2d)−1FRA1FRT]− 1)2]
× (A1 +A2)]FRT(I− 2d)−1](I− h)− pI.
Also, from (3.108) and (3.109) we have that
(I− 2d)−1 = (η′ − 1)−2j1(θ)⊗ j1(θ) + (η
r
− 1)−2j2(θ)⊗ j2(θ) (3.112)
+ (λ− 1)−2j3 ⊗ j3
and
(I− h) = (η′ − 1)j1(θ)⊗ j1(θ) + (η
r
− 1)j2(θ)⊗ j2(θ) + (λ− 1)j3 ⊗ j3. (3.113)
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Therefore, the radial, circumferential and axial components of stress take the forms:
Trr(r) = (fR)
2
rr(η
′ − 1)−2
[
c (3.114)
+ 2k1(tr[(I− 2d)−1FRA1FRT]− 1)
× exp[k2(tr[(I− 2d)−1FRA1FRT]− 1)2]
× (A1(1, 1) +A2(1, 1))]− p(r)
Tθθ(r) = (fR)
2
θθ(
η
r
− 1)−2
[
c (3.115)
+ 2k1(tr[(I− 2d)−1FRA1FRT]− 1)
× exp[k2(tr[(I− 2d)−1FRA1FRT]− 1)2]
× (A1(2, 2) +A2(2, 2))]− p(r)
Tzz(r) = (fR)
2
zz(λ− 1)−2
[
c (3.116)
+ 2k1(tr[(I− 2d)−1FRA1FRT]− 1)
× exp[k2(tr[(I− 2d)−1FRA1FRT]− 1)2]
× (A1(3, 3) +A2(3, 3))]− p(r)
As we did in section 3.3.1, we can solve for the lagrange multiplier, p(r), by using
specified boundary conditions and satisfying equilibrium. Recall that, in the absence of
body forces, the equilibrium equations are given by DivT = 0. As we saw before, this
vector equation has three components, only one of which is not automatically satisfied.
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Recall that the surviving equation can be written in polar coordinates as
∂Trr
∂r
+
1
r
∂Tθr
∂θ
+
∂Tzr
∂z
+
Trr −Tθθ
r
= 0 (3.117)
Again, this equation can be reduced to just
∂Trr
∂r
+
Trr −Tθθ
r
= 0. (3.118)
Manipulating (3.118) and then integrating from ri to some point r ∈ [ri, ro] together with
the boundary condition Trr(ri) = −Pi gives,
Trr(r) =
∫ r
ri
Tθθ −Trr
r
∂r − Pi. (3.119)
Substituting (3.114) into (3.119) gives,
∫ r
ri
Tθθ −Trr
r
∂r − Pi = (fR)2rr(η′ − 1)−2
[
c (3.120)
+ 2k1(tr[(I− 2d)−1FRA1FRT]− 1)
× exp[k2(tr[(I− 2d)−1FRA1FRT]− 1)2]
× (A1(1, 1) +A2(1, 1))]− p(r).
Solving for the Lagrange multiplier, p(r), gives
p(r) = (fR)
2
rr(η
′ − 1)−2
[
c+ 2k1(tr[(I− 2d)−1FRA1FRT]− 1) (3.121)
× exp[k2(tr[(I− 2d)−1FRA1FRT]− 1)2]
× (A1(1, 1) +A2(1, 1))]− ∫ r
ri
Tθθ −Trr
r
∂r + Pi.
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Note that since we have assumed the same displacement as in section 3.3.1 that the radial
component of the displacement η(r) has already been determined. With a model for the
arterial wall stress under pressure in both the isotropic and anisotropic cases, we will look
at our model for how growth is affected by an increase in arterial pressure in the next
chapter.
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4. MODEL FOR GROWTH
4.1 Brief Overview of Previous Hypertension Growth Models
Recall that mechanobiology is the study of how mechanical stimulation evokes bi-
ological consequences. Also, by now we have established that arterial growth, specifi-
cally growth due to increased smooth muscle activity, is directly affected by mechanical
changes. Whether one believes the mechanical influence is a change in the arterial wall
stress, either shear or circumferential, or a change in strain, every arterial growth model
should include a clear function for how growth, via an increase in mass, will be affected
by some measure of either stress or strain. Furthermore, growth is a dynamic processes
and the time scale is on the order of weeks to months as a result of the half-life of key wall
constituents [55]. Therefore, any arterial growth model should also have a time-dependent
growth law that defines the evolution of growth as a function of arterial stresses or strains.
With these basic considerations in mind, we review a few models from the literature that
model arterial growth due to an increase in arterial pressure, or hypertension.
There have been a number of papers addressing the issue of modeling arterial growth
and adaptation [70, 58, 69, 20, 71, 29, 3, 1, 17, 38, 72, 16, 51, 60, 59, 67]. In particular,
Taber and Eggers modeled growth due to hypertension using a growth law that depended
linearly on the circumferential stress, however, they did not include any measure of me-
chanical homeostasis [70]. Where the popular idea of a homeostastic stress target is com-
monly considered the primary goal of growth and remodeling processes such as arterial
growth. In contrast to this study, in a later work, Taber used a growth law that depended lin-
early on the the deviation of the circumferential component of wall stress from a constant
homeostastic target [69]. Taber and Humphrey used a similarly model to describe gen-
eral stress-mediated arterial growth [71]. Alford et at included the contractility of smooth
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muscle cells to their stress-modulated model for growth due to sudden hypertension. They
also modeled the artery as a mixture, using theories from Humphrey and Rajagopal’s 2002
paper. Their growth law also included a perturbation of circumferential wall stress away
from some constant homeostastic stress target [1]. All the models mentioned thus far in
this section have used an extension of the volumetric growth theories of Rodriguez et al,
with a consideration of growth and remodeling processes and, in most cases, mechanical
homeostasis with the circumferential wall stress as the driving force for growth. In contrast
to all of the aforementioned approaches, Saez et al used a purely volumetric concept of
growth with a growth that was a constant growth criteria with no dependence on circum-
ferential wall stress [67]. Aside from the fact that we do not use any form of volumetric
growth, the way we model growth is different from this in that we have a growth law that
is dependent on the circumferential wall stress and a notion of homeostasis, even for the
bang-bang method where the the growth law is just a constant which is the maximum rate
of growth. We also have a point-wise homeostastic stress distribution. Our growth model
is discussed in detail below.
4.2 Current Growth Model
As previously mentioned, growth is assumed to occur in order to drive the arterial
wall stress back to a normal “preferred” state. Thus we will model growth as a result
of a perturbation of the circumferential wall stress away from some homeostatic stress
measure. In particular, we take the preferred stress to be the circumferential stress distri-
bution corresponding to a normal systolic blood pressure of 120 mm Hg. It is common
in the hypertension induced growth modeling literature to assume that the homeostatic
circumferential stress state is a constant, usually a through-the-wall average. In contrast,
we take the homeostatic stress state to be that spatially inhomogeneous stress state corre-
sponding to the normal systolic blood pressure of 120 mm Hg, thereby allowing for the
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possibility that material gets added at different rates through the wall of the artery. Indeed,
more growth occurs for radial positions closer to the inner wall. The function that dictates
growth is defined as,
G(r) = Max[0,Th(r)− (Tp(r) + )]. (4.1)
In (4.1), Th(r) is the circumferential wall stress distribution under hypertensive pressure
andTp(r) is the preferred circumferential wall stress distribution taken to be under normal
pressure of 120 mmHg. We include the -band around the preferred stress distribution
under the assumption that natural growth processes might not be able to return the stress
distribution back to homeostasis but rather only to within an epsilon band of the desired
state. Equation (4.1) implies that, at any point within the wall, if the hypertensive stress
exceeds the -band around the preferred stress then growth occurs, otherwise there is no
growth at that point. Therefore, G(r) describes how much the current wall stress under
hypertension differs from the homeostatic stress at each point through the thickness of the
wall. Therefore, to return to homeostasis is to aim at driving G(r) to zero for every point
through the thickness of the wall. Moreover, since the most growth occurs at the inner
wall, this will be accomplished when G(ri) is zero.
We consider the process of biological growth to be defined as the production of mass.
Therefore we need to define how the change in stress will affect the mass production. We
define the relative change in mass production over time as
m˙(r, t)
m(r, to)
= H(T), (4.2)
where
H(T) =
b1G(r)
b0 +G(r)
. (4.3)
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In equation (4.6), b1 is based on the maximum mass production rate of smooth muscle
cells during hypertension and changes depending on the initial stress at the onset of hyper-
tension and on a specified value of b0. For instance, we take the maximum relative rate of
smooth muscle production to be .84%/day at the unset of hypertension, and
b1 =
b0
GMax(ri)
+ 1, (4.4)
where GMax(ri) is the maximum stress difference at the initial onset of hypertension. We
chose b0 = 1000 to control the rate at which material was being added in the continuous
case. We solve (4.2) by using a forward difference method. Equation (4.6) infers that more
mass is added in the initial stages followed by a gradual decrease. The model is one way
to ensure that we do not have unbounded growth.
For the bang-bang case we use the same criteria for growth, however, the relative
change of smooth muscle production is constant, in particular is .0084. We define the
relative mass production as
m˙(r, t)
m(r, to)
= K(T), (4.5)
where
K(T) =

0 G(r) = 0
.0084 G(r) 6= 0
. (4.6)
We give a brief outline of our solution process in the next section.
4.3 Solution Process
We first note that for both the continuous and the bang-bang growth rates the solu-
tion process is similar, and therefore we will present an outline for the continuous case
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only. Also, for illustrative purposes we will look only at the isotropic case, noting that
the anisotropic case has a similar procedure. We consider time steps [t0, t1, ..., tn−1, tn, ...]
where t is measured in days and ∆t = 1. We take ri(t0), the initial inner radius at time t0,
to be 2.85mm [35]. Next, recall from section 3.3.1 thatTθθ(r) = µ(fR)2θθ(
η
r
− 1)−2−p(r),
where p(r) was determined by satisfying equilibrium and the stress boundary condition
Tθθ(ri(t0)) = −Pi. Therefore,
Tθθ(r; t0) = µ(fR(r; t0))
2
θθ(
η(r; t0)
r
− 1)
−2
− µ(fR(r; t0))2rr(η′(r; t0)− 1)−2 (4.7)
+
∫ r
ri(t0)
µ(fR(r; t0))
2
θθ(
η(r;t0)
r
− 1)−2 − µ(fR(r; t0))2rr(η′(r; t0)− 1)−2
r
∂r
− Pi.
We then use 4.7 to determine G(r; t0) and in particular our initial maximum stress differ-
ence, G(ri(t0); t0). When ri gets updated, we repeat this process. The general procedure
for updating ri is as follows: at each time step, we solve
∆m(r, tn)
m(r, to)
=
∫ ro
ri(tn−1)
m˙(r, tn−1)
m(r, to)
∆tn−1
r∂r
(r2o − r2i (tn−1))
(4.8)
Then we have
r2i (tn−1)− r2i (tn) =
∆m(r, tn)
m(r, to)
(r2o − r2i (t0)). (4.9)
Finally, we have that
ri(tn) =
√
r2i (tn−1)−
∆m(r, tn)
m(r, to)
(r2o − r2i (t0)). (4.10)
Note that density does not appear in (4.9) because we are assuming constant density, ρo.
Also, because we keep the outer radius ro fixed, the change in area is just r2i (tn−1)−r2i (tn).
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As mentioned above, once we have updated ri we use it to update the circumferential
component of the Cauchy stress and subsequently the maximum stress difference. Our
results are presented in the following chapter.
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5. RESULTS
5.1 Results for Isotropic Constitutive Relation
In this section we present results for the isotropic constitutive relational form for the
strain energy function W . As mentioned in section 1.2, we will compare the results for a
continuous growth model, where material is added in a continuous manner that varies with
radial position through the arterial wall, and for a bang-bang growth model, where material
is being added at a constant maximum rate. Recalling step five of Humphrey’s five basic
steps for constitutive formulations, we seek to test the predictive capability of our model,
in particular, its ability to predict an increase in wall thickness during hypertension as a
result of the perturbation of the circumferential component of wall stress from a preferred
state of homeostasis. As noted in section 4.2, the most growth occurs at the inner wall,
thus the stress will be farther away from homeostasis there and soG(ri) is the maximum of
G(r) at any given time. In order to gauge how well growth can return the circumferential
hypertensive stress back to homeostasis, we track how long it takes growth to minimize
the maximum stress difference, G(ri). We give results for the continuous and bang-bang
cases below.
For the continuous case, Figure 5.1 shows how the maximum stress decreases as a
function of time as a result of the thickening of the arterial wall. Over a long period of
time, we can see that the value of G(ri) is approaching zero, which means that the stress
returns to homeostasis asymptotically in time. Figure 5.2 shows by how much the wall of
the artery is actually thickening as the stress is going down. The outer radius, ro is fixed at
3.05mm and the inner radius, ri, decreases from 2.85mm.
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Figure 5.1: Max stress difference, G(ri), in Pa vs time in days for the continuous case
using an isotropic model
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Figure 5.2: Artery thickness in meters vs time in days for the continuous case using an
isotropic model
For the bang-bang case, Figures 5.3 and 5.4 show maximum stress, G(ri), decrease
and wall thickening respectively. The results for the bang-bang are similar in that G(ri)
still approaching zero as the stress returns to homeostasis; however, the bang-bang model
takes less time to return to homeostasis. It is clear, and possibly expected, that the bang-
bang method performs better as it is adding mass at a faster rate; however, it is interesting
to note that between Figure 5.2 and Figure 5.4 there is little to no difference in the wall
thickness. It appears that using the bang-bang method does not actually add more material
but rather predicts the same amount of growth in a shorter period of time.
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Figure 5.3: Max stress difference,G(ri),
in Pa vs time in days for the bang-bang
case using an isotropic model
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Figure 5.4: Artery thickness in meters
vs time in days for the bang-bang case
using an isotropic model
In the next section we present the results for the anisotropic case.
5.2 Results for Anisotropic Constitutive Relation
Here we provide results for the case when we assume an anisotropic modified Holzapfel-
Ogden constitutive form for W . Figure 5.5 shows how the maximum stress, G(ri) de-
creases over time as a result of the wall of the artery thickening. We take the circumfer-
ential wall stress Th(r) to be under a hypertensive systolic pressure of 140mmHg (≈ 19
kPa) and  to be approximately 6 kPa, same as above.
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Figure 5.5: Max stress difference, G(ri), in Pa vs time in days for the continuous case
using an anisotropic model
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Again, as a function of time, t, we observe that G(ri) → 0 as t → ∞ which means that
the stress returns to homeostasis asymptotically in time. Figure 5.6 shows by how much
the wall of the artery is actually thickening as the stress is going down. Again, we took the
outer radius, ro to be fixed at 3.05mm and the inner radius, ri, to start at 2.85mm.
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Figure 5.6: Artery thickness in meters vs time in days for the continuous case using an
anisotropic model
We note that the isotropic contribution in the Holzapfel-Ogden constitutive relation is
the same as in the purely isotropic case. Furthermore, the continuous method with the
anisotropic contribution included performs better than that of the purely isotropic case,
requiring less time to return to homeostasis. In particular, using the anisotropic model
predicts a more efficient growth process. However, we observe that even when making
comparisons between the isotropic and anisotropic cases, the wall thickness is approxi-
mately the same with either model.
Next we consider the results for the bang-bang method for controlling the rate at which
material is added, which we recall assumes that whenever growth occurs material is added
at a constant maximum rate. Figures 5.7 and 5.8 show G(ri) and wall thickness respec-
tively over time using the bang-bang method. Again, we expect that because material is
being added at a maximum rate we expect, and observe, that G(ri) will actually reach zero
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and will do so in a relatively short amount of time as compared to the continuous case.
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Figure 5.7: Max stress difference,G(ri),
in Pa vs time in days for the bang-bang
case using an anisotropic model
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Figure 5.8: Artery thickness in meters
vs time in days for the bang-bang case
using an anisotropic model
As was the case with the isotropic constitutive relation, the artery has thickened by roughly
the same amount with both the continuous and bang-bang growth rates.
The systolic blood pressure measure of 140mmHg is on the lower scale of hyperten-
sive pressures, being closer to prehypertensive. We therefore wish to see how our model
predicts the arterial wall response to severe high blood pressure. To that end, we increased
the systolic blood pressure to 200mmHg and observed the results for both the continuous
growth method and the bang-bang method. Figures 5.9 and 5.10 show the progression of
G(ri) and wall thickness respectively.
From the graphs we can see that the time to return to homeostasis is much greater than
with a hypertensive pressure of 140mmHg, in particular it takes more than twice the time
to drive the maximum stress difference down with a pressure of 200mmHg. Figures 5.11
and 5.12 show G(ri) and thickness for the bang-bang method with an initial pressure of
200mmHg respectively.
The -band taken around the preferred stressTp(r) was kept fixed in all of the previous
cases. We took  ≈ 6 kPa which corresponded to the difference between the average of
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Figure 5.9: Max stress difference,G(ri),
in Pa vs time in days for the continuous
case with the pressure at 200mmHg
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Figure 5.10: Artery thickness in meters
vs time in days for the continuous case
with the pressure at 200mmHg
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Figure 5.11: Max stress difference,
G(ri), in Pa vs time in days for the bang-
bang case with the pressure at 200mmHg
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Figure 5.12: Artery thickness in meters
vs time in days for the continuous case
with the pressure at 200mmHg
the preferred wall stress at 120mmHg and the average of the wall stress at 125mmHg.
Our next calculations focused on what would happen if we changed the -band size that
we took around Tp(r). We increased the pressure of Th(r) to 200mmHg and varied 
from 0kPa to about 23kPa which correspond to doing the process discussed above for
pressures of 120mmHg to 140mmHg respectively. We plotted the final thickness of the
wall when the stress returned back to homeostasis to within the given -band as a function
of the size of the -band. We also plotted the time it took to complete this process as a
function of the size of the -band. The results using both the continuous growth rate and
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the bang-bang method are shown in the following figures. Figures 5.13 and 5.14 show
results for the final thickness as a function of  and for the final time as a function of 
for the continuous growth rate case respectively. Also, Figures 5.15 and 5.16 show results
for the final thickness as a function of  and for the final time as a function of  for the
bang-bang method respectively.
Figure 5.13: Final-thickness in meters
vs  in Pa using a continuous growth rate
Figure 5.14: Final-time in days vs  Pa
using a continuous growth rate
Figure 5.15: Final-thickness in meters
vs  in Pa using the bang-bang method
Figure 5.16: Final-time in days vs  Pa
using the bang-bang method.
In both the continuous and bang-bang cases the thickness is decreasing and the time is
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increasing but as usual the bang-bang method does a better job, taking less time to return
to homeostasis. It seems counter intuitive that the time would be increasing as the -band
size gets bigger. Figures 5.17 and 5.18 show G(ri) for the four different -band sizes for
the continuous case and the bang-bang method respectively.
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Figure 5.17: Max stress differences,
G(ri), in Pa vs time in days for the con-
tinuous case for different -band sizes:
the blue line is G(ri) with  = 0kPa; the
orange line is G(ri) with  = 6kPa; the
green line is G(ri) with  = 11kPa and
the red line is G(ri) with  = 23kPa
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Figure 5.18: Max stress differences,
G(ri), in Pa vs time in days for the bang-
bang case for different -band sizes: the
blue line is G(ri) with  = 0kPa; the or-
ange line is G(ri) with  = 6kPa; the
green line is G(ri) with  = 11kPa and
the red line is G(ri) with  = 23kPa.
In both graphs, the blue lines represent G(ri) with  = 0kPa, the orange lines represent
G(ri) with  = 6kPa, the green lines represent G(ri) with  = 11kPa and the red lines
represent G(ri) with  = 23kPa. As the graphs indicate, the larger band size initially
drives down the value of G(ri) faster than the smaller band size; however, after some time,
smaller band size starts having lower values for G(ri). This appears to result in it taking
longer to return to homeostasis with bigger band sizes. We conclude with some discussion
in the following chapter.
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6. DISCUSSION
We have discussed a way to formulate elasticity for both an isotropic and an anisotropic
incompressible residually stressed material body in the current configuration. We used the
formulations to determine stress-strain relations for both an isotropic and an anisotropic
constitutive form for the strain energyW . We then calculated stresses using a semi-inverse
approach that assumed axisymmetric deformation. We defined the evolution of growth
to be a proportional function of the deviation of circumferential wall stress away from
homeostasis, as well as a bang-bang method whose activation was dependent on whether
or not the circumferential wall stress exceeded homeostatic levels. We then tested the
predictive capability of our model to capture certain salient aspects of the arterial wall
response to hypertension, namely the thickening of the arterial wall. Our model did suggest
that arterial growth occurs to drive the circumferential wall stress back to homeostasis.
We started with a pre-hypertensive arterial pressure of 140mmHg and observed that
the circumferential wall stress returned back to homeostasis to within , where  ≈ 6kPa,
asymptotically in time using both the continuous and the bang-bang growth rates as well as
the isotropic and anisotropic models. When we used a bang-bang controller for the growth
rate, in both the isotropic and anisotropic cases, the circumferential wall stress got within
 of the preferred stress in less time than the continuous case, with the lowest time being
just under 60 days for the anisotropic case with a pre-hypertensive pressure of 140mmHg.
However, in all cases, the amount of growth or final thickness of the arterial wall was the
same.
We then increased the pressure to 200mmHg and varied the size of the -band we
took around the preferred stress distribution Tp(r). The results showed that the larger
the band size the longer it took for growth to drive down the maximum stress difference
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G(ri). We also observed that when we increased the pressure to 200mmHg that it took
more than twice as long to return to within  of the homeostatic stress, even in the case of
the bang-bang growth rate. Furthermore, the efficiency of the bang-bang method over the
continuous case was also diminished with an increase in the hypertensive pressure from
140mmHg to 200mmHg. For instance, for a starting pressure of 140mmHg, the bang-bang
method was 35% faster than the continuous growth rate, and only 20% faster than the con-
tinuous growth rate when we take a hypertensive pressure of 200mmHg. This observation
suggests that, in the case of more severely high hypertensive pressures that growth alone
may not be enough to return the stress to homeostasis. Indeed, we did exclude the effects
of any remodeling processes present during hypertension. Humphrey and Rajagopal men-
tioned that growth and remodeling are often coupled processes, and at times it takes both
types of responses to achieve mechanical homeostasis [40]. For example, the wall not only
becomes thicker but also can become stiffer due mainly to the reorientation of structurally
significant constituents in the arterial wall. In addition to remodeling effects, we also did
not include many other biological complexities such as the multilayer structure of the arte-
rial wall and any role elastin or collagen might play in the growth process (mass addition)
during hypertension. While it would be relatively straightforward to incorporate such
effects via mixture theory formulated in the current configuration, the biological issues
surrounding understanding to what extent each of these biological processes contribute to
adaptations leading to a return to homeostatic stresses and strains are quite complex and
are far from being definitively agreed upon. We also assumed zero displacement on the
outer wall of the artery when that is likely not the case. Although, in some respect, the
bang-bang method is clearly optimal, it is important to note that we are not claiming that
a bang-bang controller is the best way to model growth rate. In fact, we are simply con-
sidering two commonly used methods and see which one produces better results as far as
which method is more time efficient, with the assumption that natural processes often will
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favor a minimal method.
There is a need to continue developing continuum mechanics models, like this one, to
study the mechanobiology of arterial diseases not only to aid in clinical treatment but also
in surgical interventions [37]. For instance, the area of tissue engineering relies heavily on
a working knowledge of growth and remodeling processes that can occur due to the intro-
duction of a foreign object into the body [32]. A stent, for instance, is a medical instrument
that is inserted into the lumenal area of an occluded artery to allow for proper blood flow
to the rest of the body. It is important, therefore, to know what effect constant distention
will have on the strength of the arterial wall. Such mechanobiological influences on the
advancement of medical procedure and treatment can only exist with more collaboration
between clinicians, mathematicians and biologists.
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